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ABSTRACT

Mathematics is one of the sciences that have received remarkable interest and then soared with quick acceleration since the very beginning of the
tradition of science in Islamic civilization. While one justification for this relevance is that mathematics was viewed superior in terms of not being
dependent on any one science with many sciences dependent on it, another justification is that, because it is a tool of science, the simplification
and perfection of work done or knowledge produced both theoretically as well as pragmatically in every field, the authenticity, and the accuracy
depend on mathematics. In this interval after the great Turkification and Islamization of Anatolian lands in the 13th century, math books began to
be produced and educational activities carried out through these books in Anatolia as well, just as in other regions of the Islamic geography. The
earliest recorded surviving mathematics book produced in Anatolia, according to recent research, is the work, Fuṣūl Kāfīya fī Ḥisāb at-Taḫt wa’l-Mīl [Sufficient Chapters for Arithmetic using a Board and Stick (with Sharp End)/] فصول كافية في حساب التخت والميل, which was probably compiled
in the first quarter of the 14th century in Arabic by Amīn-al-Dīn al-Abharī (d. 1333 CE), born in Sivas and the grandson of Athīr-al-Dīn al-Abharī
(d. 1265 CE). The text constructed in the first 10 chapters on the patterns and placement of numbers, doubling, halving, adding, subtracting,
multiplying, dividing, finding the square root, finding the cube root, and proving arithmetic operations is based on the Indian (Hindu, 10-base
number system) and sexagesimal (Babylonian, 60-base number system) arithmetic from the Indian, Hawai (mental arithmetic), and sexagesimal
types of arithmetic. The treatise in this context can be said to represent the starting point in the Anatolian geography for being able to recognize,
disseminate, and reproduce in accordance with the changing needs the 10-base and 60-base number systems and all arithmetic operations done
with respect to these systems. Owing to all this importance and the justifications in this treatise, its role in the formation and development of the
Ottoman mathematics tradition will be discussed by introducing the first mathematics book written in Anatolia.
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and raised in Sivas, carried out his first scientific activities here, also was effective in Anatolian geography. So, it is not been seen harm to use that
title. But at that times, the concept of “Anatolia” was not represent a certain country, race or a geography with borders as it is today, instead it is
expressing a wider geography with people whose culture and thought worlds are similar. So, that reality also played a role choicing that title.
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ÖZ

Matematik, İslam medeniyeti ilim geleneğinde en başından itibaren dikkate değer bir ilgiye mazhar olan ve akabinde hızlı bir ivmeyle yükselişe
geçen ilimlerden biridir. Bu alakanın bir gerekçesi, matematiğin, hiçbir ilme muhtaç olmayıp birçok ilmin ona muhtaç olması bakımından üstün
görülmesi iken diğer gerekçesi bir alet ilmi olması hasebiyle hem nazarî hem amelî her alanda yapılan işin veya üretilen bilginin kolaylaşmasının,
mükemmelleşmesinin, sıhhatinin ve dakikliğinin ona bağlı olmasıdır. Bu meyanda, XIII. asırda Anadolu topraklarının büyük oranda Türkleşmesinin
ve İslamlaşmasının ardından İslam coğrafyasının diğer bölgelerinde olduğu gibi Anadolu’da da matematik kitapları üretilmeye ve bu kitaplar
aracılığıyla eğitim-öğretim faaliyetleri yürütülmeye başlanmıştır. Son araştırmalara göre Anadolu’da üretilen ve günümüze ulaşabilen matematik
kitaplarından en erken tarihlisi, meşhur bilgin Esîrüddin Ebherî’nin (ö. 663/1265) torunu, Sivas doğumlu Emînüddin Ebherî’nin (ö. 733/1333)
Arapça olarak büyük ihtimal XVI. yy ilk çeyreğinde telif ettiği Fuṣūl kāfīye fī ḥisābi’t-taḫt ve’l-mīl/ فصول كافية في حساب التخت والميلadlı eserdir. Sayıların
şekilleri ve basamakları, iki katını alma, yarıya bölme, toplama, çıkarma, çarpma, bölme, karekök bulma, küpkök bulma ve hesap işlemlerinin
sağlaması olmak üzere on fasıl halinde inşa edilen metinde hindî, hevâî ve sittînî hesap türlerinden hindî ve sittînî hesabı esas alınmıştır. Bu
bağlamda eserin ondalık konumsal sayı sistemi ile altmış tabanlı sayı sisteminin ve bu sistemlere göre yapılan tüm hesap işlemlerinin Anadolu
coğrafyasında tanınması, yaygınlaştırılması ve zamanla değişen ihtiyaçlara uygun olarak yeniden üretilebilmesi için başlangıç noktasını temsil ettiği
söylenebilir. Tüm bu önem ve gerekçelere binaen bu bildiride Anadolu’da yazılan ilk matematik kitabı tanıtılarak Osmanlı matematik geleneğinin
oluşum ve gelişimindeki rolü tartışılacaktır.
Anahtar Kelimeler: Matematik Tarihi, İslam Medeniyeti Matematik Tarihi, Ortaçağ Anadolusunda Matematik, Emînüddîn el-Ebherî, Fuṣūl kāfīye fī
ḥisābi’t-taḫt ve’l-mīl

Introduction
In the history of humanity, the beginning of the written tradition, not through the justification of expressing any situation,
emotion, or quality but with the obligation to record quantitative information, or in other words, the oldest written surviving
resources about calculating, shows that our ability to understand correctly the how, why, and where that the adventure of
mankind has gone and will go from the beginning to the present and to the future is only possible by researching the history
of mathematics. Most of our primary information about ancient Mesopotamia, which is considered today as the start of
civilized culture, has been obtained from tax, debt, crop-storage, and trade records that had been saved on clay tablets. The
numbers and calculations here have given us ideas on as many issues ranging from a country’s population to its production
capacity, from welfare levels to manager-employee relations, and from domestic-foreign trade volume to economics. In
subsequent periods, the fate of communities that possess steadily increasing populations and larger territories where this
population is spread has been tied to being able to meet in particular all the nutritional, shelter, and protection needs of the
people, and to be able to train experts for this who will establish a balance of income and expense, and provide economic
and therefore political power. Here at this point, clay tablets are encountered that can possibly be said to be history’s first
mathematics education books. Relatively advanced mathematics topics are included in these tablets, such as basic arithmetic
operations, algebraic equations, and measuring the area of geometric shapes (Robson, 2002). Thus from the content and
level of the mathematics used through these educational materials, knowledge can be had about much more specific areas
such as public works, urbanism, architecture and the arts, and astronomical calculations. Then obviously reviewing and
processing data on mathematics that has been produced since the beginning of written history and evaluating this together
with other sources will expand the horizon of world-history studies and provide an opportunity to look at things from a
different perspective. Firstly, determining the region and era for studies, as well as prioritizing regions that have strategic
importance and untouched periods in terms of research while doing this will increase the presented contributions. In this
case, revealing a mathematical text produced in the Anatolian geography, the northern neighbor of Mesopotamia where
written history began, at the turn of the 14th century as the foundation period of the Ottoman Empire, which had made a
worldwide impact for centuries, can be said to expand and modify existing information about that period and region. The
sentences above are the justification for choosing the title of this report as The First Treatise on Mathematics Written in
Anatolia: Amīn-al-Dīn al-Abharī’s Work Entitled Fuṣūl Kāfīya fī Ḥisāb at-Taḫt wa-’l-Mīl.

1. The Author: Amīn-al-Dīn al-Abharī
Abū Saʽīd Amīn-al-Dīn ʽAbd al-Raḥmān b. Abū Ḥafṣ ʿUmar b. Muḥammad al-Sivāsī al-Abharī, the grandson of the
scholar Athīr-al-Dīn al-Abharī (d. 1265 CE) who stands out with his work on philosophy and logic, was born in Sivas
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in the last quarter of the 13th century (c. 1286 CE) under the rule of the Anatolian Seljuks. The grandfather Athīr-al-Dīn
al-Abharī was originally from a Samarkand family, but different regions are shown regarding where he was born and
spent his life. One of these regions is known to be Anatolia, where Turkish gentlemen who greatly valued men of science
were known to welcome them into their palaces; these gentlemen are known to have given lectures in various fields with
encouragement (Bingöl, 1994, pp. 75–76). The birth and development of the grandson al-Abharī in Sivas can also be
assessed as a result of this period that the grandfather spent in Anatolia. According to Cevat Izgi (1994, p. 75), who wrote
the encyclopedia article and unearthed Amīn-al-Dīn al-Abharī’s works, Amīn was named al-Abharī, not Sivāsī, due to
his grandfather’s reputation. Because little is known about him, some conjectures can be found about his scientific life.
Accordingly, he traveled to the scientific centers in Syria for higher education after completing his primary education,
as was usual in the Seljuk scientific tradition of the time; he had moved in the scientific circles in Aleppo, Hama, and
Damascus. Amīn-al-Dīn al-Abharī was the teacher of Abu’l-Fidā (d. 1331 CE), a scholar of history and geography who
was first appointed as governor of Hama then later as prince of Hama and he continued his scientific studies under
Abu’l-Fidā’s patronage (King, 1983). Information is available about Amīn-al-Dīn al-Abharī’s duties as doctor and judge
in Aleppo, where he went after Abu’l-Fidā’s death, as well as information about his death while there. According to what
the publicist of Fuṣūl Kāfīya fī Ḥisāb at-Taḫt wa-’l-Mīl reported in the treatise’s epilogue, al-Abharī passed away on July
21, 1333 (al-Abharī, n.d., p. 55a).
Both Anatolia and al-Abharī’s hometown of Sivas went through a rather turbulent process politically at the end of the
13th century and beginning of the 14th century, the time when he was born and the place where he spent part of his life.
Assuming that both individual scientific studies and educational-instructional activities continued steadily and orderly
is difficult in the region that was exposed to a constant change of hands among administrations, such as the Anatolian
Seljuks, the Ilkhans, and the Principality of Eretna, which had been established through a declaration of independence by
the governor, who had been appointed by the Ilkhanid government. Accordingly, al-Abharī had faced various problems
since he was little in regards to his position on this matter; in fact, this situation can also be considered one of the reasons
he spent the last years of his life in Syria, which the Mamluk government ruled with stability.
Amīn-al-Dīn al-Abharī can be said to also have primarily had expertise in different areas such as fiqh and medicine,
even though only one of his astronomy works and the mathematics treatise which we will examine below have survived
to the present. Information about the duties he performed as doctor and judge increases the likelihood that he wrote
works in these areas that haven’t survived to the present. Lawāmiʽ al-wasāʾil fī maṭāliʽ al-rasāʾil, the only work of his on
astronomy that we have on hand, is about observation tools and consists of an introduction, four articles, and an epilogue.1

2. The Compilation: Fuṣūl Kāfīya fī Ḥisāb at-Taḫt wa-’l-Mīl2
The work, which can be translated into our language as [Sufficient chapters for arithmetic using a board and stick (with
sharp end)]3 is the fourth article between pages 42a an 55a of an 8-volume magazine4 registered in Berlin as Landberg
199. The compilation, comprised of 13 sheets and 26 pages of 17 lines, was written in disordered Naskhi lines and often
1
2
3

4

GothaMS Collection, Ms. orient. A 1414, pp 1a-101b. https://archive.thulb.uni-jena.de/ufb/rsc/viewer/ufb_derivate_00004331/Msorient-A-01414_001.tif?logicalDiv=log000009
I am grateful to İhsan Fazlıoğlu for informing me of the existence of this treatise.
When the 10-based number and counting system that we use today passed from the Hindu civilization to the scientific tradition of the Islamic
civilization, the most effective style for using this was discovered to be possible by performing operations with the help of sand/dirt being spread
on a flat plate and a pointed rod (because paper and pencils were not abundant); thus Hindu counting began to be called peg-board computation.
ʽIlm Ḥisāb at-taḫt wa-'l-mīl [Arithmetic using a board and stick /]علــم حســاب التخــت والميــل, which is cited among the sub-branches of the science
of counting in classification-sciences works on tradition, has been defined as: The science of teaching how to perform counting operations using
figures indicating the digits that occurring from and to units. The number of figures is nine and is related to India. Its benefit is the facilitation
and acceleration of counting operations, and this benefit is especially valid in the science of astronomy. For more information see İbnü’l-Ekfânî
(1998, p. 84).
https://digital.staatsbibliothek-berlin.de/werkansicht?PPN=PPN646151142&PHYSID=PHYS_0009&DMDID=
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without notes.5 The magazine’s other treatises are about various fields of mathematics, such as algebra, computations,
and measurements, all except for the last treatise, which relates to the art of writing. No information exists on Fuṣūl
kāfīya fī ḥisāb at-taḫt wa-’l-mīl’s compilation or transcription date; however, the next treatise in the magazine, which is
understood to have been written by the same author, is reported in the epilogue of Risāla ʽalā uṣūl ʽilm al-masāḥa to have
been written in 1358 (Anonym, 1358: 59a). In this case, Fuṣūl kāfīya fī ḥisāb at-taḫt wa-’l-mīl can be said to have also
been transcribed around the same time.
When coming to the content following the concrete information about the book, it is a concise study, as can be understood
in particular from the number of sheets, that doesn’t contain unnecessary or detailed subjects according to the author and
covers the essential issues required in astronomical operations and in computation techniques (Al-Abharī, n.d., p. 42b).
When looking at both the phrase of “arithmetic using a board and stick” [ ]حساب التخت والميلin the title of the treatise and
of “astronomical operations and computation techniques” [ ]األعمال النجومية والمؤامرات الحسابيةin the commentary, of the basic
written and oral/mental computation distinctions, the second is understood to be excluded, just including the written types
of computations. This is because “peg-board computation” here refers to the computation type that is known by various
names such as Indian mathematics, which is the 10-base computation system we use today, as well as astronomical
functions, computing minutes and degrees, sexagesimal/60-base arithmetic, fractional arithmetic, and astronomical and
stellar computation. In this case, the first impression obtained about Fuṣūl kāfīya fī ḥisāb at-taḫt wa-’l-mīl is that, in spite
of being a concise work, various professional groups, such as those in formal education as well as accountants, tradesmen,
lawyers, and city planners, had aimed to allay the need for mathematics educational material at the beginner and beginnerintermediate level with respect to their position by including both types of computation.
The work transmits to the reader what will be done using the Indian and sexagesimal methods through 10 chapters on
doubling, halving, addition, subtraction, multiplication, division, square root, cube root, squaring, and cubing operations.
The chapters are not arranged according to computation type but by operation type. Thus the operation that will be taught
for each chapter is explained first using Indian mathematics and exemplified, immediately followed by showing an example
of how this operation is done using the sexagesimal computation system.
Chapter 1 performs a kind of preliminary duty and contains topics such as how fractional numbers are written,
expressed, and taught using the shapes, digits, and positions of numbers.
Writing numbers 1 through 9 is shown in Figure 1 (Al-Abharī, n.d., p. 42b):

Figure 1: The figures for 1 through 9 from right to left.

Distinguishing the placement of number units using the example of 55,008,067,200,143 is shown in Figure 2 (AlAbharī, n.d., p. 43b).

Figure 2: The representation of four number-unit groupings.
5

Transcribers have written erroneously by failing to comply with the author’s directions in operations such as addition, multiplication, division,
and taking roots, sometimes writing the wrong words, sometimes skipping letters.
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Writing fractional numbers is done with the fraction line, similar to what we use today; however, the integer of the
fraction is written at the top here to the left of the fraction, and is shown with a “0” when there is no integer (Al-Abharī,
n.d., p. 43b).

Figure 3: The representation of 2/5.

The last topic of Chapter 1 is the basic concepts for the types of computations used by astronomers and astrologers,
which the chapter marks with the terms “[ ”األعمال النجوميةstellar computations] in the epilogue and “”طريقة األعمال والفلكية
[methods for computation and astronomy] in the chapter’s introduction. Accordingly, 1 degree has 60 minutes, 1 minute has
60 seconds, 1 second has 60 sub-seconds, and one micro sub-second has 60 sub-units, going on to infinity. When dividing
an integer by 30, the zodiac signs emerge, and each zodiac sign has 30 degrees in it. All 12 signs make up one cycle. When
coming to write these, first the cycle, then the zodiac sign, then the remaining fractions for degree, minute, second and
so on are placed from top to bottom.6 Placing a zero in the unavailable echelons is absolutely necessary; accordingly, the
third zodiac, 0 degrees, 22 minutes, 45 seconds, and 33 sub-seconds is written as in Figure 4 (Al-Abharī, n.d., p. 44a).

Figure 4: Numerical representation using fractional computation.

Chapter 2, which teaches the operation of doubling []التضعيف, begins by defining this operation and continues with
the example of doubling the number 650,372.7

6
7

Not just any symbol will be used for the cycle in the notation, the symbol “*” is used for the zodiac sign, “º” for degree, “Ι” for minute, “ΙΙ” for
second, and “ΙΙΙ” for sub-second.
This example is the same example that Nizām al-Dīn al-Nīsābūrī (d. after 1327 CE) gave in his mathematics book al-Shamsiyyah fī al-ḥisāb
written in the 14th century. For more information see Baga (2007, pp. 60–61).
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Figure 5: The representation of 1,300,744, the double of 650,372.

Lastly, it shows taking the double of the 8th zodiac sign, 17 degrees, 52 minutes, 25 seconds using fraction computation.
The operation begins at the top with the zodiac sign and continues such that while doubling each item, if the zodiac sign
exceeds 12, the degree exceeds 30, or the others exceed 60, one is added to the position above. The result of the operation
is 1 cycle, Zodiac sign 5, 5 degrees, 44 minutes, and 50 seconds (Al-Abharī, n.d., pp 44b–45a):

Figure 6: The operation of doubling using fractional computation.

Chapter 3 has been allocated to the operation of halving []التنصيف. The operation, described as taking half of a number,
is started from the right, and one by one half of each figure is taken. Because the half of an odd number cannot be taken in
this operation, a “5” is added to the figure on the right for the fractional part. In fractional computations, the operation is
started from the lowest position and when arriving at odd numbers, the fractional part is added in the form of a half-unit
to the next lower position. Half of the number 1,076,543 is taken in the Indian mathematics example,8 and the result is
found to be 538,271 and 1/2. In the example of the other computation type, half of 7 cycles, 5th zodiac, 13 degrees, 47
minutes, and 59 seconds is taken, and the result is 3 cycles, 8th zodiac, 21 degrees 53 minutes, 59 seconds, 30 sub-seconds
(Al-Abharī, n.d., pp. 45b–46a).

8

This example, like the previous one, is the same as the one given in al-Shamsiyyah fī al-ḥisāb. However, al-Nīsābūrī leaves the one’s unit of
the odd number as a fractional part while al-Abharī performs the operation without explaining in detail by giving the information required for
adding the fractional part in the other units to the next unit. For more information see Baga (2007, pp. 61–62).
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Figure 7: Representation of the halving operation using fractional computation.

Chapter 4’s topic is the operation of addition []الجمع, which is defined as “adding one number to another.” The numbers
to be totaled are written as we do today in a way that aligns the same number positions one under the other. If any single
total is greater than 10, the part that is greater is written as the result and a “1” is added to the digit on the left for the 10.
The transcriber, completely different than the author’s formulations on how to write the numbers and where the result
will be written, wrote the operation of adding 123,403 and 9,867 (Al-Abharī, n.d., pp. 46a–46b).9

Figure 8: The depiction of the operation of addition.

Two numbers in the first illustration of Figure 8 are written next to each other, while the same columns needed to be
written one under the other. In the second illustration, the result of the operation is shown directly as 135,270 by skipping
the intermediate operations.
As for the other computation type, the sums are placed in a way where their units will coincide and the addition is started
from the top; if the total exceeds the unit in respect to the placement, a one is added to the unit above. In the example, the
5th zodiac, 12 degrees, 32 minutes, 42 seconds is added to the 7th zodiac, 17 degrees, 37 minutes, 21 seconds, and the
result is 1 cycle, 1st zodiac, 0 degrees, 10 minutes, and 2 seconds. The first illustration in Figure 9 shows the placement
of numbers, and the second shows the result of the operation (Al-Abharī, n.d., pp. 46b–47a).

9

In al-Shamsiyyah fī al-ḥisāb, the example is in the form of adding 125,403 to 39,867.
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Figure 9: The operation of addition using fractional computation.

Chapter 5 explains the operation of subtraction []التفريق. The operation, which in brief means to reduce one number
from another, is performed through the process of removing the bottom amount from the amount on top by writing the
same units under one another as in addition and beginning from the left. If the digit on the top is smaller than the digit on
the bottom, the process is completed by taking the ten’s unit from the digit on the left. One unit that resulted in the example
the author tells, and as such the result of the operation, has been written incorrectly by the transcriber.10 While the author
subtracted 7,416 from 85,023, the transcriber wrote the subtraction operation of 7,412 from 85,023 as well as incorrectly
aligning the units. According to the operation the author wrote in the text, the result should be 77,607; however, 77,707
is written while the result should have been 77,611 according to the numbers the transcriber wrote. The first drawing in
Figure 10 shows the operation, and the second shows the result (Al-Abharī, n.d., pp. 47a–47b).

Figure 10: The representation of the operation of subtraction.

With respect to the fractional computation, the operation of subtraction is done as in addition by aligning the units and
beginning from the top. In the case of subtracting a large number from a smaller one, the operation is maintained by taking
one unit from the next highest order. The author subtracts the 3rd zodiac, 11 degrees, 25 minutes, and 50 seconds from
the 2nd zodiac, 8 degrees, 0 minutes, and 10 seconds; the result is 10th zodiac, 26 degrees, 34 minutes, and 20 seconds
(Al-Abharī, n.d., pp. 47b–48a).

Figure 11: The operation of subtraction using fractional computation.
10 Even as much as the mistakes the transcriber made here is evidence for how right the mathematicians of the Islamic civilization are in their
reservations on the issue of using notations in copies open to the public. This is because if so many transcription errors occur placing the numbers
of the simplest operations of subtraction, mathematics, or division, guessing how problems would be in more complex mathematical operations
is not difficult. On the issue of mathematical notation in the history of Islamic civilization see Oaks (2012).
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Chapter 6 begins by introducing the operation of multiplication []الضرب. Accordingly, multiplication is where the
ratio of one multiplier over the result (total) of the multiplication must be equal to the ratio of 1 over the other multiplier.
If we want to show this in modern mathematics:

The operation of multiplication is split into two parts: multiplication that is done with individual numbers and
multiplication that is done with digits 10 or higher. The first one is done easily thanks to the multiplication table (AlAbharī, n.d., pp. 48b).

Figure 12: The 1-9 multiplication table prepared using the top and right sides.

When coming to multiplying large numbers, the numbers to be multiplied are placed one under the other; slightly
different from what we do today, however, the first digit of the number on the bottom is aligned under the last digit of
the number on top. The operation is started with the last digit of the number on top, and the result is placed above it if
the operation is being performed with any of the numbers on the bottom by multiplying that figure one by one with all
the figures from the last digit to the first digit of the number on the bottom; if a digit from the top number coincides with
the top of that digit, instead of deleting that digit from the top, it is added to the ones digit of the result. If the result is
greater than 10, the tens place is added to the digit on the left. After multiplying one digit of the number on top with all
the digits of the number on the bottom, one digit of the bottom number is shifted to the right and the same operations are
done one by one with all the digits of the top number. When all operations are finished, the new number that emerges
at the top is the result of the operation. Al-Abharī explained the application by multiplying the numbers 2,076 and 503
using this method; however, the transcriber wrote random numbers in this operation such that he didn’t pay attention to
placing the digits of the numbers one below the other according to the rules in the operation of multiplication from the
previous chapter. Therefore, we have rewritten the stages of the operation in Figure 13 (Al-Abharī, n.d., pp. 48b–49b).
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Figure 13: The step-by-step operations of multiplication for 2,076 and 503, and its result of 1,044,228.

When arriving at the operation of multiplication in the degrees/minutes computation, the operation can be done in
two ways here: transforming the different positions into a single type or not transforming. However, al-Abharī only gives
the first one, namely the multiplication method after converting each multiplier to a single type. Understanding this
method is easy, but performing the operation before expanding the numbers by converting to a single type is troublesome.
Understanding the other method is difficult, but applying it is easy.
In the example in the treatise, 12 degrees, 7 minutes is multiplied by 10 degrees, 8 seconds. Firstly, the first multiplier
is converted to minutes, and the result is 727 minutes. The other multiplier is converted to seconds, which is 36,008. While
the multiplication result of 36,008 and 727 is 26,177,816, the transcriber wrote 66,177,816. When arriving at the order of
the result, the result is 26,177,816 sub-seconds because sub-seconds are the product of minutes and seconds (Al-Abharī,
n.d., pp. 49b–50a).
Chapter 7 is titled “The Operation of Division” []القسمة. Division is positioned inversely to multiplication, and is
defined as “Obtaining a number whose ratio to 1 is equal to the ratio of the dividend to the divisor. In case of needing to
show using notation:

Aside from the stages for constructing the operation of division and the logic for arriving at the result being the same as
the method we use today, the ways for writing the dividend, divisor, quotient, and remainder, as well as how the operation
is set up, are quite different. Accordingly, first the dividend is placed on top, and the divisor just below it; the last units
of each are aligned with each other. Afterward, as we do today, the number of times that the divisor can go into the units
of the dividend is estimated; this number is aligned with the first unit of the dividend above the divisor; and the units
of the dividend are individually removed from last to first by multiplying the estimate one by one from last to first with
the units of the divisor. The operation continues with the numbers that remain from the operation of multiplication by
sliding the divisor one digit to the right. The numbers from all the positions of the dividend are repeated until it finishes
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or until the remainder is smaller than the numbers of the dividend. Transcription errors are found here as in the operation
of multiplication; the operations in their corrected states are shown in Figure 14 (Al-Abharī, n.d., pp. 50b–51b).

Figure 14: The left-to-right step-by-step operation of division.

The result of dividing 2,058 into 470,693 is a quotient of 228 with a remainder of 1,469. The complete expression of
the result of the division operation in this case is
(Al-Abharī, n.d., p 51b).
As for the operation of division using fractional computation, al-Abharī explains what needs to be done and which
issues need to be considered without giving an example here. Accordingly, just as was fırst done in the operation of
multiplication, we transform the various orders of the divisor and dividend, such as zodiac sign, degree, minute, and so on,
into a single order within the divisor and dividend themselves. Even if the divisor and dividend have different ranks after
this operation is not important because like in multiplication, the multiplication or division result of the ranks is known
to convert to whichever rank thanks to the rules (Al-Abharī, n.d., pp. 50b–51b). Just as in the operation of mathematics,
the operation of division can be done before converting the ranks to a single order. Al-Abharī probably did not include
this method because he considered it to be outside the scope of being concise.
Chapter 7, entitled “Deducing the Square Root” []استخراج الجذور, begins with the definition of square root. According
to this, the square root of a number is the number that is multiplied by itself, and the number we want to take the square
root of occurs as a result of multiplication.

In order to fınd the square root of any number, the number is first written on a line, and by starting with the ones column,
a sign is placed over each figure in the number using intervals, thus marking the ones, tens, hundreds, ten-thousands
columns. By starting the operation from the left and considering it in the form of binary columns, the number is estimated
that will be equal to or smaller than the two columns when multiplied by itself; this figure is written over the column with
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the mark over it. The figure that is found is multiplied by itself and subtracted from the two leftmost columns at the top;
the result is written in line with the one column on the right. The desired result occurs over the marked columns of the
number whose square root is desired to be found with operations similar to this (Al-Abharī, n.d., p. 52a).
The author moves to an example after explaining the operations to be performed and takes the square root of 104,976. 11
First signs are placed over 6, 9, and 0 because the square root of the number consists of the figures that we will write here.
Starting from the left, the 1 and 0 (i.e., 10) is taken into account, and the result when we multiply it with itself should be a
figure that will result from 10. “3” is found and written over the mark and in alignment under the number. The 3 below is
multiplied by the 3 above, which makes 9; 9 subtracted from 10 leaves 1, which is written in the place of the 0. The upper
and lower 3s are added, which makes 6; this is placed under the 4. The two figures found in the estimate the second time
are written over the 9 and in alignment below it. The 6 and 2 that are below are multiplied sequentially, and the results
are subtracted from the number line. The upper and lower 2 are added and the result is written by sliding one digit to the
right together with the 6. In order to find the last digit, the same operations are repeated and this number that forms 324
over the number whose square root is desired is the square root of 104,976.

Figure 15: The operation for taking the square root of 104,976.

Al-Abharī designated this number as the perfect square [ ]المفتوحbecause it is the whole square root. If the end of the
operation has a remainder, it would be non-square []أص ّم. In fractional computations, the number is reduced to a single
order while taking the square root; afterward the result is arrived at by doing the same operations done above (Al-Abharī,
n.d., pp. 52b–53a).
Chapter 9 is about extracting cube roots []استخراج الكعاب. When the number is multiplied by itself, the result is called
the perfect square []مربّع. When multiplying the root, namely the square root, by the perfect square, the result is the cube
[]كعب. In this case as well, the number is called the cube root [ ;]ضلعwith respect to the method for extracting this, as in
the operation for extracting the square root, the number is placed on the line, and a skipping sign is placed starting from
the ones column and skipping two columns at a time. Thus the ones, thousands, then millions columns are marked. The
square [ ]مالline is drawn under the number line, and the cube root [ ]ضلعis also drawn under that. When taking the cube,
the result has the last figure with the sign over it, and if applicable, the number that is equal to or less than the figure or
figures on the left. This number is written above the mark and on the cube-root line below; then the number is multiplied
by itself, and the result is written on the square [ ]مالline. The result is again multiplied by itself, namely the cube is taken,
the marked figure is extracted from those on the left, if any, and the figures missing from the result are deleted and written
there. The numbers from the top and bottom are added; the total is multiplied with the top and rewritten there by adding
what is on the applied line to the result. Afterward, the figure on the top is again added to the one on the bottom; the total
is again added to the same number three times, and the result is written on the cube line. Then the numbers on the applied
11 This is the same example of taking the square root as in al-Nīsābūrī’s al-Shamsiyyah fī al-ḥisāb. For a more detailed description of the example,
see Baga (2007, pp. 88–89).
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line are slid one unit to the right and the numbers on the cube line are slid two digits to the right. All these operations are
continued by finding the numbers that fit with the lines on the marks that we have placed over the number that is wanted
as the cube root; in the end, the number that forms in the place of the marks is the cube root (Al-Abharī, n.d., pp. 53a–53b).
Applying the process explained above is shown in the treatise by taking the cube of 34,012,225.12 First off, marks
are placed over the numbers with respect to this, the figures 5, 2 in the thousands column, and 4 are marked on top. The
left-most marked number is 3, which satisfies the conditions mentioned above and fits the left, or 34. This is written over
the 4 and on the underside of the cube-root line. First it is multiplied by itself and 9 is obtained; 9 is multiplied by 3 and
27 is obtained; 27 is subtracted from 34 and the figure 7 that remains is written in place of the 34. The number found, 3,
is added to itself for the applied line; the total is multiplied by 3 and 9 is added to the result of 18; the total 27 is written
on the applied line under the 9. This time, 3 is added to itself for the cube-root line; 6, being the total, is again added to
the 3 on the cube-root line; the total is written under the nine. The 27 that forms the applied line and the 9 that forms the
cube-root line are written by sliding one digit for the 27 and two digits for the 9 to the right. The same operations are also
performed with the other numbers that are found, thus reaching the result (Al-Abharī, n.d., pp. 53b–54b).

Figure 16: The process of taking the cube root of 34,012,225.

Chapter 10, entitled “Enabling Computational Operations” []موازين األعمال الحسابية, aims to teach checking the accuracy
of operations, which the treatise shows from the beginning by using the method that is known today as modular arithmetic.
At that time as well, just as it is today, the figure used most for this operation is 9 (mod 9). Accordingly, the numbers
from the operation whose proof is desired to be taken or ensured is divided by 9; the same operation is done with the
remainders; the figures from the result are added and divided by 9; the remainders are compared; if they are equivalent
the operation is correct; otherwise it is false (Al-Abharī, n.d., pp. 54b–55a).
12 Again, the same as the example in al-Nīsābūrī’s al-Shamsiyyah fī al-ḥisāb. For a more detailed description of the example, see Baga (2007, pp.
91–93).
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This has been done by proving the example of 8,732,546 for the operation of doubling (see Figure 17).

Figure 17: Proving the operation using the step-by-step proof from left to right.

The proof of the multipliers is taken one by one with 9; the remainders are multiplied, and 7 is found to remain from
dividing the sum of the figures by 9. The same operation is also performed for the result of the multiplication, and 7 is
found to remain. Thus the operation is correct.
Al-Abharī explains in one sentence each how this proof method will be performed using the other computational
operations.

3. Assessment
a) First of all, when considering the treatise to be the earliest historical study produced in Anatolia using the decimal
number system, its role emerges in the defining and spreading of the system in the geography of Anatolia, which has great
importance in terms of mathematical history. In addition to this, its content on astronomical and stellar computations can
be said to have performed an important duty in meeting practical needs such as calendar preparations and determining
the direction of the Qibla.
b) How Al-Abharī’s treatise explains and squeezes in examples of nine distinct computational operations and an
introduction in 13 sheets using both Indian and sexagesimal methods deserves to be called concise and beneficial.
c) The author saw the overdue and oft-encountered problem in concise works of understanding the text in terms of
language. In fact, even in difficult topics such as square roots and cube roots, the explanations and examples remain
understandable despite limited sentences thanks to the effective expressions.
d) The treatise performs all operations fully compatible with its title (i.e., arithmetic using a board and stick), in a way
that we can call “resuming the operation by deleting.” New figures obtained as the operation continues here are written
in place of the numbers that will no longer be used by erasing them. Advancing operations is made easier by erasing the
numbers in the method that is used by spreading dust, sand, or dirt on a flat board.
e) Despite the ruler method being in circulation at the time the treatise was written, which allows for more complex
operations that are done using pen and paper, the author can be understood to have not preferred this in two ways: (i)
Because the ruler method is one that increases the volume of a book, it is not suitable for a work that is designed to be
concise, and (ii) The treatise was penned for being taught at the beginner and beginner-intermediate levels in madrasas;
in order to achieve this purpose, methods based on peg-board tools should be preferred as they are more suitable for
students’ continuous use for practicing.
f) When examining mathematical works written in different geographies prior to the time this treatise was written,
the treatise is noted to show the most similarities with Nizam al-Din al- Nīsābūrī’s work titled al-Shamsiyyah fī al-ḥisāb.
In this case, Nīsābūrī’s work, which had been impactful since the 14th century in Anatolia alongside astronomical and
mathematical works and commentaries, can be said to be among Al-Abharī’s resources.
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Recommendations
a) Based on the importance of Fuṣūl kāfīya fī ḥisāb at-taḫt wa-’l-mīl being the earliest historical mathematics treatise
written in Anatolia to have survived to the present, determining resources apart from Nīsābūrī would be helpful in answering
the question of which interactions and syntheses did the Anatolian mathematics tradition begin.
b) The questions of how much direct influence Fuṣūl kāfīya fī ḥisāb at-taḫt wa-’l-mīl had on the future and how did
the process advance can be illuminated by revealing and examining the mathematical treatises produced in Anatolia after
Fuṣūl kāfīya fī ḥisāb at-taḫt wa-’l-mīl.
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